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Abstract. Let S be a two colored (red and blue) set of n points in the plane. 
A subset J of S is an island if there is a convex set C such that I = CC\S. The 
discrepancy of an island is the absolute value of the number of red minus the 
number of blue points it contains. A convex partition of S is a partition of S 
into islands, with disjoint convex hulls. The discrepancy of a convex partition 
is the discrepancy of its island of minimum discrepancy. The coarseness of S is 
the discrepancy of the convex partition of S with maximum discrepancy. This 
concept of was recently defined by Bereg et al. [CGTA 2013]. In this paper 
we prove an almost tight upper bound of 0(n 1 / 4 v / log n) on this parameter. 
This is obtained by relating the coarseness of a point set to the discrepancy of 
a certain class of islands. 

1. Introduction 

Let S be a finite set of n elements, and y C 2 s a family of subsets of S. The 
tuple (S, y) is called a range space. If the range space arises from point sets and 
geometric objects, (5, y) is called a geometric range space. A coloring of S is any 
mapping X : S — > {— 1, +1}. We think of the elements of S mapped to —1 as being 
blue and the elements of S mapped to +1 as being red. Let R be the red elements 
of S and B its blue elements. For Y C S, let X(Y) — YlyeY ^(v)- The discrepancy 
of y is defined as disc(J^) := min^r maxy^ |^f(y)|. 

Geometric discrepancy theory has applications in statistics, clustering, optimiza- 
tion, and computer graphics. See the textbooks [11], [6], [8], [2] and [3] for problems 
and results in geometric discrepancy. 

Assume from now on that S is a set of n points in general position in the plane. 
A subset I of S is an island if there is a convex set C on the plane such that 
I = CdS [I]. A convex partition of S is a partition of S into islands, with pairwise 
disjoint convex hulls. The discrepancy of a convex partition II of S, disc(II), is 
the minimum of disc(S'i) over Si G II. The coarseness of S is defined as the 
maximum of disc(II) over all convex partitions II of S. This concept was just 
recently defined in [5]. In this paper we show that the coarseness of S is upper 
bounded by O (n 1 / 4 y / Iogn) (Theorem I2.6[) . We also show that there exists point 
sets with coarseness at least fl^n 1 ^ 4 ) (Theorem II .4p . We prove the upper bound 
by showing that the discrepancy of a convex partition is closely related to the 
discrepancy of a certain class of islands of S, which we call k-separable islands. 
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1.1. Primal and Dual Shatter Functions. In this section we recall some defi- 
nitions and results from discrepancy theory. 

The primal shatter function iry{m) of (S, y) is a function of m. It is defined as 
the maximum number of subsets into which a subset of S, of at most m elements, 
can be split (or "shattered") by all the elements of y. Formally: 

n y (m) := max \{Y n A : Y e y}\ 

AcS,\A\<m 

The dual shatter function ny(m) is obtained by exchanging the roles of the points 
in S with the sets in y. ny(m) is defined as the maximum number of equivalence 
classes on S defined by an m-element subfamily ZcJ, where two elements x and 
y of S are equivalent if they belong to the same sets of Z. 

The primal and dual shatter functions have been used to give tight and almost 
tight upper bounds on the discrepancy of range spaces, via the following theorems 
(see Chapter 5 of [IT]). 

Theorem 1.1. (Primal shatter function bound). Let d > 1 and C be con- 
stants such that TTy(m) < Cm d for all m < n. Then disc(3^) is upper bounded by 
0( y/ 2 -i/2d) 

Theorem 1.2. (Dual shatter function bound). Let d > 1 and C be constants 
such that iTy(m) < Cm d for all m < \y\. Then disc(y) is upper bounded by 

For example, if H is the family of halfplanes, is easy to see that ir-u(m) = 0(m 2 ). 
Thus the discrepancy of halfplanes is (^(n 1 / 4 ). It is known that this bound is tight: 

Lemma 1.3. ([TJ[7]) For arbitrarily large values of n, there exist sets of n points 
in general position in the plane such that, given any two coloring of S , a halfplane 
exists within which one color outnumbers the other by at least Cn 1 ^ 4 , for some 
positive constant C . 

From Lemma 11.31 it is easy to prove the following Theorem. 

Theorem 1.4. For arbitrarily large values of n, there exist sets of n points in gen- 
eral position in the plane with coarseness at least Cn 1 ' 4 for some positive constant 
C. 

2. fc- Separable islands and convex partitions 

An island I of S is k-separable if it can be separated from S \ I with at most 
k halfplanes. That is, if there exists a family J- of at most k halfplanes, such that 
/ = Sf] J- . We denote the set of /c-separable islands with Zfe. For constant k, we 
bound the discrepancy of /c-separable islands using its dual shatter function. First 
we consider points in convex position. 

Lemma 2.1. If k is a positive integer and S a set of n points in convex and general 
position in the plane then TTj k (rn) < 4km. 

Proof. Assume that S is sorted clockwise around its convex hull. Note that any 
^-separable island must consist of at most k intervals of consecutive points of S in 
this order. Consider a family of m, fc-separable islands. There are at most 2km 
points of S that are the endpoints of any such intervals. There are at most 2km 
regions into which the remaining points (which are not endpoints of any interval) 
can lie. Thus in total there are at most 4km equivalence classes. □ 
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Lemma 2.2. If k is a positive integer and S a set of n points in general position 
in the plane then 7rJ (m) < Cm 2 , for some constant C that depends on k. 

Proof. Let J 7 be a family of m, fc-separable islands on S. We first consider the 
points lying in the convex hull of some island / of T . Note that the convex hull of 
/ is a set of points in convex position. By Lemma 12.11 these points are in at most 
4fc(m — 1) different equivalence classes (when considering the other m — 1 islands in 
J-). Thus in total there at most 4km 2 equivalence classes for points in the boundary 
of some island in J- . We now bound the number of equivalence classes for points 
not lying in the boundary of any island. Each such equivalence class is contained 
in a cell of the line arrangement defined by the following set of lines C. For each 
island I E J 7 , let Lj be the set of at most k lines that separate / from S\ I. Set 
C := Ui e jrLj. The line arrangement defined by C has at most \C\ 2 = k 2 m 2 cells. 
By setting C :— k 2 + 4k the result follows. □ 

Using the dual shatter function bound and Lemma l2.2l we obtain: 

Theorem 2.3. Let k be a positive constant and S a set of n points in gen- 
eral position in the plane. The discrepancy of k-separable islands is bounded by 

Note that although fc-separable island have small discrepancy this is not the 
case for islands in general. For example for a two colored set of n points in convex 
position in the plane there is always an island with discrepancy at least n/2. It can 
be shown that in this case the primal and dual shatter function are equal to 2 m . 

We now show that every convex partition must contain a 5-separable island. 
This follows immediately from: 

Lemma 2.4. (Theorem 2 in [3]) A collection of n compact, convex, and pairwise 
disjoint sets in the plane may be covered with n non- overlapping convex polygons 
with a total of not more than 6n — 9 sides. 

Theorem 2.5. Every convex partition II of S has a 5-separable island. 

We arrive at our main result by combining Theorems 12.51 and 12.31 

Theorem 2.6. The coarseness of a set of n points in general position in the plane 
is upper bounded by 0{n x ^\/]agn). 

3. Conclusions 

We proved that the discrepancy of fc-separable islands is upper bounded by 
0(n 1 / 4 y / Iog _ n), by showing that its dual shatter function -n^irn) is upper bounded 
by 0(m 2 ). It is known that the dual shatter function bound can be tight for some 
range spaces (see [11]). It is not hard to see that the primal shatter function of 
fc-separable islands of point sets in convex position is lower bounded by Q(m k ). So 
the primal shatter function bound can be arbitrarily worse than the dual shatter 
function bound in this case. It is also interesting to note that the discrepancy 
of 1-separable islands (or halfspaces) is upper bounded by (^(n 1 / 4 ). We leave the 
exact (asymptotic) computation of the discrepancy of fc-separable islands as an 
open problem. 

Using the fact that every convex partition has an island (in this case a 5-separable 
island) of low discrepancy, we showed that the coarseness of convex partitions is 
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upper bounded by 0{ri}l ^ \/\ogn) . However Theorem 12.41 provides more informa- 
tion; for any positive constant c < 1 there exists a positive integer k c (depending 
only on c) , so that in every convex partition of S into m islands at least cm of them 
are c^-separable (and thus have small discrepancy). We think that computing the 
exact asymptotic value of the upper bound on the coarseness of point sets is an 
interesting (and hard) open problem. 
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